Abstract--The increasing integration of controllable energy resources into distribution networks introduces novel challenges and opportunities in terms of distributed voltage control. As these devices are mainly controlling their active power injection, and do not provide voltage control capabilities, a regional coordinator has to determine favorable combinations of power injections and consumption with respect to the voltage profile of the particular network segment. The main challenge is to approximate voltage profiles from the complex nodal power balance of all nodes in a particular network. Standard algorithms calculate exact voltage profiles from combinations of complex nodal net power, but fail to provide information about the network conditions in the surrounding of this particular point of operation.
II. INTRODUCTION
N most countries the amount of installed decentralized energy resources (DER) is rapidly increasing. In this trend two directions of development can be observed. On the one hand some plants, using energy resources normally claimed to be used by DER, reach rated capacities that do not allow calling them DER any more. This is especially true for wind turbines, wind parks and Combined Heat and Power (CHP) plants. These plants are mainly connected to mid-or highvoltage networks.
On the other hand a vast variety of very small systems is installed to the low-voltage networks as well. For example photovoltaic systems installed in domestic areas usually have a small rated power due to the limited extend of average houses roofs. But this is also true with respect to increasing exploitation of increased efficiency in terms of Micro-CHP and similar energy conversion systems.
One of the major issues related to the integration of DER into the, mainly unmanaged, low-and mid-voltage networks is the voltage control. In both situations, first with coordination of the connected DER and second without, one question is how do minimize the effect of their injections on the voltage magnitudes. In the scenario without coordination, a decision about the connection point of a planned DER has to be guided by mathematical tools, helping to minimize the impact on the voltage profile of the network segment. In case of a coordination of the DER, the coordinator has to be enabled to find a combination of possible injections for a certain voltage profile.
In this paper we introduce a novel approach for such decisions, based on a geometrical interpretation of the power flow equations.
III. GEOMETRIC INTERPRETATION OF POWER FLOW EQUATIONS
Traditionally the power flow equations are treated with algebraic methods to analyze their behavior and find solutions for a variety of issues in power system analysis [1] . In some cases it can be favorable to interpret them in a geometric way and to apply mathematical techniques from geometry to the underlying mathematical problem.
In this section we introduce a geometrical interpretation of the power flow equations in order to find combinations of nodal power injections that have a minimal effect on the voltage magnitudes in a given network segment. Or vice versa a set of nodal power combinations to a chosen voltage profile.
A. Grid Modeling Using Nodal Admittance Matrix
In power system analysis a given network is normally modeled using the complex valued nodal admittance matrix Y which contains information about the topology and parameters of the modeled network segment. From the standard form of the power flow equations (1) a nodal admittance matrix can be derived that is only valid for a certain point of operation, but allows for the calculation of the nodal complex power from the absolute values of the nodal voltage (2, 3).
( )
By this, the modified nodal admittance matrix becomes a function of the vector of voltage angles δ . Equation (4) gives the definition of mod Y . 
Where the complex valued elements ( ) ij y δ are defined as follows: 
The modified admittance matrix allows for an advanced analysis of the network behavior in the surrounding of a given point of operation. Equations (3, 4, 5) lead to the following equation:
Equation (6) separating the complex valued elements of mod Y into their real an imaginary part, following (7, 8, 9) .
This leads to the following representation:
For the following considerations we define 2n V as:
As the real valued form of mod, Y δ has the dimension ( 2n n × ) it has at least a n -dimensional nullspace in the codomain. Within this nullspace there are the multiple solutions for one voltage profile. But, as a change of the nodal power configuration has also influence on the voltage angles in the particular network, the nullspace is only valid for a certain point of operation. But (10) provides with a good approximation for the surrounding of such a point of operation.
In the following we will introduce the means, necessary to calculate the mentioned nullspace.
B. Analyzing the modified nodal admittance matrix using Singular Value Decomposition
The Singular Value Decomposition decomposes any given real or complex valued matrix A into three matrices according to (12) 
The resulting three matrices have the following properties: 
where r is the rank of matrix A (see eq. 13). These elements are the singular values of A in descending order.
From (12) and (13) The first r orthonormal column vectors of C span the column range of A . All combinations that can be generated using a linear combinations of the column vectors lie in this subspace in the co-domain of A . Depending on the mathematical problem formulated by A , vectors in the codomain of A that do not lie in this subspace are multiple solutions or non-feasible. Figure 1 illustrates this concept for a three-dimensional codomain and a two-dimensional range. The first two column vectors of C span a plane (the range), intersecting with the origin. The nullspace, in this case one-dimensional and spanned by just one additional normal vector, orthogonal to the plane, contains all combinations that can be either multiple solutions or unfeasible. In case they are multiple solutions, the nullspace-vector points from the original point to the closest point lying in the range of A . Both, the point and its projection onto the plane correspond to the same vector in the domain of A . In case of the modified nodal admittance matrix, a point in the nullspace of A represents a multiple solution for a given voltage profile. As the underlying equations are only valid for a fixed combination of voltage angles, this nullspace is valid only for limited distances to the range.
C. Nullspace in the domain of net nodal power
Applying the geometrical interpretation, introduced before, the power flow equations in (10) can be separated into two components. Replacing the real valued modified nodal admittance matrix by its singular value decomposed counterpart results in (14).
Equation (14) can then be separated into the range and nullspace component of the complex nodal power (see eq. 15 and 16).
The component defined in (15) 
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As the vectors, spanning the nullspace, are pointing vectors, they are normalized according to (17).
With these nullspace vectors and the partial solution of (15) it is possible to describe the nullspace in the surrounding of a certain point of operation with (18) 2 2 2 2 2 2 2 2 1 ,1 , n n n n n n n n n part null null n
As the nullspace vectors have the unit [ ] VA and the length 1 , α can be interpreted as a measure of power additionally injected or consumed in the modeled network. This interpretation will be used in the following numerical studies.
IV. NUMERICAL STUDIES
In order to study the introduced approach some numerical studies have been undertaken to prove the legitimacy of our approach. For the numerical study a four node network containing a mesh, depicted in figure 2, with the line parameters given in table 1 has been used. The comparison is done on the base of the voltage deviation density that is achieved by the algorithm presented in this paper and a second algorithm not aware of the orientation of the nullspace.
A. Sampling of the subspace spanned by the presented approach
In the first scenario we have sampled the subspace defined in (18) In order to avoid inaccuracies caused by the symmetry of the recursive generation of α , a second run has been made, randomly choosing the elements of α in the specified limits.
Comparison to figure 3, figure 4 shows that the symmetry of recursive sampling has minor influence on the result. 
B. Sampling of the subspace spanned by the presented approach
In order to verify the result the normalized nullspace vectors have been replaced by normalized vectors with an arbitrary direction. The same values of α , as in the first scenario in the range given in (20), have been applied to the new normalized vectors in order to simulate a situation in which the knowledge about the orientation of the nullspace is absent. Figure 5 depicts the deviation density for this scenario. It can be seen that the results for the scenario based on Singular Value Decomposition are clearly better. While the deviation in the scenario based on the approach presented in this paper hardly exceeds 0.8% , the deviation in the test of comparison reaches 5% .
V. POSSIBLE FIELDS OF APPLICATION
The presented algorithm can be mainly used for two purposes.
First, it can be used for a decentralized voltage control, also considering active power injections. A coordinator can calculate a subspace of nodal power combinations for a certain voltage profile and then find a combination realizable with the given DER connected to the particular network segment. Even if there is no directly realizable combination, he can choose a combination with the shortest distance to a combination in the calculated subspace.
Second, the presented algorithm can be used to localize favorable connection points for additional DER that will be connected to a network. In this case the calculation of the subspace would be done with all complex nodal voltages equal to the reference nodes complex voltage.
VI. DISCUSSION
The novel algorithm presented in this paper proved to give an orientation in the surrounding of a given point of operation, so that the impact of additional injections can be reduced significantly. Furthermore it is possible to localize favorable connection points for additional DER with respect to voltage magnitude changes. This can especially be used when there is knowledge about coincidences in time. If an additional injection always occurs simultaneous to an additional load, like in industrial processes, it is possible to find connection points for both, the injector and the load, so that the impact of their activity on the voltage profile is minimized.
Further research has to be undertaken to analyze the orientation of the nullspace depending on the voltage angle profile. Also, the accuracy for networks with of a large extent and high X/R-ratios have to be analyzed. Sebastian Lehnhoff received the MSc (diploma) degree in computer science from the University of Dortmund, Germany, in 2005. He is currently a PhD Student at the University of Dortmund with the chair of operating systems and computer architecture. His research interests include but are not limited to distributed management of renewable energy production, real-time analysis of large electrical grids, multiagent-systems, distributed learning, and honey bee inspired routing algorithms. He is a member of the IEEE.
